A NOTE ON RECURRENCE SEQUENCES 



S. AMGHIBECH 



Abstract. In this note we provide a simple formula of general term of recur- 
rent sequence. 



Suppose that the sequence {uh} satisfies the relation 

n 

Uh+n ^^^SiUn+h-i for /l = 0,1,2,... 

i=l 

for some complex numbers si, . . . s„, s„ 7^ and for h = 0,1, . . .. Taking h = Owe 
see that w„ is in the ring Z[uo, . . . Un-i, si, . . . s„], by using the induction argument 
we show that all the terms in the sequence belong to this ring. 

Let 

n m 
i=l 1=1 

with distinct nonzero roots a^. It well known that there exist Ai{X) which are 
polynomials of degree rii — 1 for positive integers rii, i d [l,m\ such that 

m 

1=1 

for h = 0, 1, . . ., see for example [?], for an original work on recurrent sequences 
see [?]. More concretely, in this note we give a short proof of this result and the 
explicit formula {u/j}. 

Consider the vector space E of all sequences {vh} such that 

n 

Vfi+n = SjVn+h-i for /l = 0, 1,.... 

4=1 

Remark that dimi? = n and that e-''* — {h{h — 1) ... (ft, + 1 — j)ct'^ ''} for j = 

0. . . . , Hi — 1, ? = 1, . . . , TO is a basis of E. 

Define the projection ^ffc : E — > C"+^ for fc > n by 

*fc({w/i}) := ("0, • ■ .,Vn-i,Vky. 

From the fact that dimi? = n we get the vectors 'i>k{{uh}), ^'fc(e-''*), j = 0, . . . , n — 

1, i = 1, . . . , m are linearly dependent, thus 

det[«'fe({M,J),*fc(e^''*)o<j<„,-i4<4<m] = 

which gives 

(-l)"wftdet[*„(e-''*)o<j<„,-i,i<,;<m] + det[/, ^'fc(e-''*)o<j<„.-i.i<j<r„] = 

with / ~ (uo, . . . , Uri-i, 0)*, from the fact that e^'' = {h{h—l) . . . {h+l—j)a'^^-'} for 
j = 0, . . . , n^-l, i = 1, . . . , m is a basis of E we get det[^„(e-'^*)o<j<ni-i,i<i<m] ^ 
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thus 

Uh = (-1) 



n+1 det[/, ^fc(e^'')o<j<n,_i,i<i<m] 



det[5'„(eJ'^)o<j<„,-i,i<i<m] 
Also the (ordinary) generating function of the sequence {m/i}, is given by 

= / ]^-.n+i det[/,/j,i(a:)o<j-<n,-i,i<i<^] 
^ ^ ' det[^'„(e^'')o<j<n,-i,i<i<m] 



with 



(1 - aixy^ 

for < j < rij — 1 and 1 < i < m. Of course the vectors are ordered in the same 
way in the two determinants. 

Let / be finite subset of N and define the projection : E — > by 

By using a similar argument as above we get the following theorem 

Theorem 0.1. Let I be a subset of n elements ofN, let h ^ I, put J = / U {h}. 

Then we have 

Uh = ( !)"+! det[((vl//({^/,}))*, 0)*, j(e^-')o<,-<„.-i,i<.<^] _ 
det[*/(eJ'')o<j<„i-i,i<j<m] 

i/det[*/(e^'0 

0<j<ni — l,l<z<m 



In the case m = n we have e°'* = {a^} is a basis of E then we get following 
corollary 

Corollary 0.2. For all h we have 

uo 1 ... 1 



l<i<j<n 



Ui ai 



Un-1 Ct" ^ 





an 



a" 



Proof. Follows from the theorem by remarking that / — {0, 1, . . . , n — 1}, and 
dct[5'/(e"'*)i<i<„,] is the Van dcr Mond determinant with m = n, when h ^ I. And 
the equality is also true when h ^ I, which achieve the proof. 



In the next corollary gives Uh as a function of an n fixed terms of the sequence 

{uh} 

Corollary 0.3. Let ko < ki < ■ ■ ■ < fc„_i a sequence of positive integers. Then 
for all h we have 



Uh = (-1) 



n+l 



a: 



an 



.ki 



a. 



Ufei a\^ 



a? 



az 



k„- 

an 
a^ 
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when the expression has sense. 

Proof. Similar to the proof of Corollary 10. 21 

Remark 0.4. > rsolve{f{0) = 1, /(I) = 1, f{n) = f{n - 1) + f{n - 2)J{n)) gives 
the generale terms f{n) in Maple. 
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